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ON SOME ANALYTICAL FORMULA, AND THEIR APPLICATION 
TO THE THEORY OF SPHERICAL COORDINATES. 


[From the Cambridge and Dublin Mathematical Journal, vol. 1. (1846), pp. 22—33.] 


SECTION l. 


THE formule in question are only very particular cases of some relating to the 
theory of the transformation of functions of the second order, which will be given in 
a following paper. But the case of three variables, here as elsewhere, admits of 
a symmetrical notation so much simpler than in any other case (on the principle that 
with three quantities a, b, c, functions of b, c; of c, a; and of a, b, may symmetrically 
be denoted by A, B, C, which is not possible with a greater number of variables) 
that it will be convenient to employ here a notation entirely different from that made 
use of in the general case, and by means of which the results will be exhibitéd in 


a more compact form. There is no difficulty in verifying by actual multiplication, any 
of the equations here obtained. 


It will be expedient to employ the abbreviation of making a single letter stand 
for a system of quantities. Thus for instance, if 3 =0, $, wy, this merely means that 
(8) is to stand for ® (0, p, y), k8 for k0, kd, ky, &e. 


Suppose then 


W (w, w, Q) = AEE’ + Bon’ + C&C +F (n6 + 15) + G (SE + gE) +H (En + &'n) ... (3), 


the function W satisfies a remarkable equation, as follows: 
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write WB ee disse A A (4), 
B=04- F, 
Œ = AB - H 
F =GH — AF, 
G = HF — BG, 
1 =FG -CH 
ge eA ee e -a A we (5), 
Phe | tet AE ef ae ee 2 ee (6), 
we have 


W (a, a, Q) W(as, ws, Q)— W(a, os, Q) W (o a, Q)= W (ao, Wx, @) ... (7); 
of which we may notice also the particular cases 


W (@,, w, Q) W (as, w, Q)- Wa, w Q) W (lon w Q)= W (ows, Wats, @) ... (8), 
W (a, @:, Q) W(@., a, Q)—{W (oi, a, QP = W (aws, 00», ®) ... (9). 


To these we may join the following formulæ, for the transformation of the function W. 


Suppose 
=a +a +a Aa, ba +by tba, cmt epte A ......... (10), 
O = 483 HAX Ya +A” Zay bæ, + b'ya+b”2a CEs + CY: + C”2, 
then, writing EE Re a a aa a (11) 


P= t, Yn FEE EE eS S. (12), 
Po=%, Yo: Za, 
@=W(49,0 WO, g, Q), Wag’, O, WO, g, O, Wag, O), Wag, O (2) 


we have 


W (ita Q)= W (Dry Pay @) eanna a (14). 
Similarly, writing 
v=W(g7', Jg", Q), W(g'g, g'g, Q), Wag, 99, @) 
W (gg, 79, ®, W99, 97,9, Wg, 79", @), (15), 
we have W (0, 0203, Q) = W (pips, PPs V) cece ccececceeceereeee (16), 


in which equations @2 may obviously be changed into Q. 
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SECTION 2. Geometrical Applications. 


Consider any three axes Az, Ay, Az, and let A, m, v be the cosines of the 
inclinations of these lines to each other. 


Let A, M, N be the inclinations of the coordinate planes to each other; l, m, n 
the inclination of the axes to the coordinate planes. Suppose, besides, 


PA ST I, ML aE (17), 
b=1 — p, 
c=1 -r, 
{=pv-2, 
q=vA—p, 
h=Ap—v, 
ee ee et es)” an ee eee (18); 


we have the following systems of equations : 


J (bt) cos A =—f, v (be) sin A =y (k), V(a)sin 1 =y (b)... (19). 
v (ta)cosM=-9, v (ta)sinM =y (k), (b)sinm=, (k) 
v(ab)cosN=-b, y (ab)sin N =v (k), v (0)sin n =y (k). 
Deer a EE AEE U Fs (20). 
vā + H+ Aq=0, 
pa +ab+ g=0. 


b+ vb+ pf=0, 
v+ b+ M=k, 
ub+ab+ f=0. 
q+ vf+ pwe=9, 
v+ f+ at=0, 
pa+af+ c=k. 


ta— g= kb, 
ab — þ = ke, 
ah — af = kf, 
hf — ba = kg, 
fg — th = kh, 


abe — SP er Ce Y O AAAA (24). 
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Imagine now a line AO, and let a, 8, y be the cosines of its inclinations to the 
three axes. Suppose also, 6, $, x being its inclinations to the coordinate planes, 
we write 


a= D9 b sin ġ sin x S 


V(a) š =) ; ay (£) sessoesossecossocoacoooe (25). | 


If we consider a point P on the line AO, at a distance unity from the origin, 
we see immediately, by considering the projections in the directions perpendicular to 
the coordinate planes, that the coordinates of this point are a, b, c. By projecting on 
the three axes and on the line AO, we then obtain the equations 


B=va+ b+c, 
y=patrAb+ o, 
Leba FOD F YOH ieri iaee aT (27), 
from which we obtain 
bet te hd U8 4 UA oe. daai tter acd (28), 
kb = Ha + b8 + fy, 
ke = Qa + £8 + Cy, 


A ome bate 46 BD 19 io 0 EEE todo bh es E (29), 
and hence 
1 =a? +b? 40? + Qrbe + Qwac + QWab E (30), 
k = aa? + BB? + by? + 2fBy + Way + Wak ........ cee (31). 
Hence writing 

aT ME as ona tanta A cupesbagen (32), 
My PR FG vane bs ees Ws od T E EEE (33), 
|e ay Pe ea eee ere eee rere 
Be Bike Wee PE ROAT AA (35), 

we have the equations i 
BEG, GF. A EA E (36), 
TLE E ee ee re T oe (37). 


Let AO’ be any other line, and ò its inclination to AO: @’, 8’, y, a’, b, c’, the quantitie: 
corresponding to a, 8, y, a, b, c, and similarly ¢’, 7’ to t, 7. We have of course 


rT 7) ke Sas ee” (38), 
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We have besides, by projecting on the line AO’, the equation 


9G ee We APO ca nha Silane T T (40), 
or the analogous one 
O08 Bi Ot AFD A E TE T tne E NEN, (41). 
From either of which we deduce 
cos § = aa’ + bb’ + cc’ +A (bo + b'c) + p (ca’ +a) + v (ab’ +b)... (42), 


k cos ò = aaa’ + bBB’ + tyy + £ (By +BY) +9 (ya' + 7/0’) +B (aB +B)... (43) ; 


which may otherwise be written 


COSSEN, FG. LIT. AT, A. (44), 
bcc DEWT 6 Ep cin. ad. YA. KGAA EW. (45) ; 
or again, observing the equations which connect the quantities t, r, 
baie a a) 
cos § = A GEE oe, yy tere (46), 
x W (7, 7’, Q) 
cos ô = ViW G, T, g) Wr, r, o) coer cccccccccccccesccces (47), 


forms which, though more complicated, have certain advantages; for instance, we derive 
immediately from them the new equations 


V{W (t, it’, q)} 


Ee Oe pa hentai ce eadeine adnan cans 
mee WEE OWE, e, a) (18), 
v {kW (rTr, Tr, q)} 
ò= -r n I O PEELE ETE EEE 
mec CEA D W, r, a) E p 
written more simply thus 
snd= W(t, tt’, rd, Roce re yeh ui gdel r A AE (50), 
af Testi Be [WC FE oioi ienne (51); 
to these we may join 
W (t, t, q) 
cot ò = ENT S E RYT E EAR? O S 52), 
V{W (H, tt’, 0) as 
Vk cot ò = ee (ee SA (53). 


V{W (TT, Tr, q)} 
SECTION 3. On Spherical Coordinates. 


Consider the points X, Y, Z, on the surface of a sphere, as the intersections of 
the three axes of the preceding section, with a sphere having its centre in the origin. 
It is evident that 2, u, v are the cosines of the sides of the spherical triangle XYZ, 


Cc, 28 
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A, M, N are its sides, 1, m, n are the perpendiculars from the angles upon the 
opposite sides. Let P be the point where the line AO intersects the sphere: the 
position of the point P may be determined by means of the ratios £:n :¢, supposing 
E, n, € denote quantities proportional to the a, 8, y of the preceding section, Le. 


Ee ee ke Pot Bi T Y NORT See ree me (54) ; 
or again, by means of the ratios æ : y : z, supposing v, y, z denote quantities proportional 
to the a, b, c of the preceding section, i.e. 


sin Pe sn Py | sin Pz 
Oo PV ny ear” ane PORE wig ie A sje miarse (55), 


(Pa, Py, Pz are the perpendiculars from P on the sides of the spherical triangle X YZ). 


These last equations may be otherwise written, 
xsinX sin PZY (56) 
y sin > “gb sin PZX ee) . 
ysin Y _ sin PXZ 
zsinZ sin PXE’ 
zsinZ_sinPYX 
asinX sin PYZ ° 
The ratios € : » : & or æ : y : z, are termed the spherical coordinate ratios of the 
point P. The two together may be termed conjoint systems: the first may be termed 
the cosine system, and the second the sine system. The coordinates of the two 
systems are evidently connected by 


E: mn: =a +vyt pe : vety +N: MEAAY HA! «eee es eee (57), 

or e:y:z2=ab+bnt+at: DE+bn +E : QE + fn +e... (58). 
The systems may conveniently be represented by the single letters 

py MESS, thax sss erated E ae (59), 

he Me PIS ES es A S ERS nessa’ (60) 


Fundamental formula of spherical coordinates; distance of two points. 


Let P, P’ be the points, 6 their distance, œ, p the conjoint coordinate systems 
of the first point, œ’, p’ of the second; we have obviously 


EOP N ETE \0 cn cdl (61), 


Kero V{W (p, p, q) W (p, p a) 


V{W( pp’, pp’, D} - 


in $ = P EET RS 
a e= {W (p, p, a) Wp, pP, g) 
cot ô= Wopo p, q) 


V{W( pp’, pp’ y} 
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Aa W (w, w, q) 
or cos ô = ViW(@, w, q) W @, q) W(o’, w, o) PRT T TTT T (62). 
1 ag VIM oe, ow, 9) 
Vk he v {W (a, w, Q) W (w, w’, q)}’ 
J W(@, w, q) 
Elet TW Caw, ww OF 
Equation of a great Circle. 
Let the conjoint coordinate systems of the pole be 
ee ec cul iahavccus've (63), 
e=4, B, OY crorccccscvcccedesccscccccccccesccesene (64), 


then, expressing that the distance of any point P in the locus from the pole is equal 
to 90°, we have immediately the equations 


PAo BOD B akr di i ath tes sony cone (65), 
et iis eR ee (66), 
which may otherwise be written in the forms 
i A T A AU TE 3 E AA EEA (67), 
TE E A E APA E ETAT ATE o, E- (68), 


or the equation of a great circle is linear in either coordinate system. Conversely, 
any linear equation belongs to a great circle. 


Suppose the equation given in the form 
ARE FUC E OL ET A aLI L (69); 


or by an equation between cosine coordinate ratios:—the sine system for the pole is 
given by 


OREM Aa PAEO NIIET E PRA A E dl (70), 
and the cosine system by 
e=4A+vB+pu0, vA+B+AO, pAt+rABH OC... (71). 
Suppose the circle given by an equation between sine coordinates, or in the form 
Ae + By. + Cid oaen ora ararat anita ont) (72), 
the cosine system of coordinates for the pole is given by 
A e D RAE E EE A ents (73), 
and the sine system by 
e=aA+HB+a0C, PDA+bB+fC, gA+fB+CC .............. (74). 
28—2 
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It is hardly necessary to observe, that if 
PFN C00 NG 55 oso ink gens tacdas cvscivvseas geo (75), 
ae Ae Lie 00 O i iin os grist been a ota (76), 
represent the same great circle, i 
A:B:C= A+vB4+pC : vA+ B+rC: pA+AB+ C...... (77), 
A:B: C=aA+B+oqC : A+bB+ fC : gA +fB40C...... (78). 


Inclination of two great Circles. 


Let the equations of these be 


DEAE AO aE A UEa EAA D E (79), 
ee Pe EO we Do aaora (80), 
Pe Ae REO AEE E F (81), 
4 Bite BY Os 2043502 AA AAT (82), 


and let e, e, have the same values as above, and e’, e’, corresponding ones. To obtain 
the inclination of the two circles, we have only, in the formule given above for the 
distance of two points, to change p, p’, w, w, into e, e’, e, e. 

The distance of a point from a given circle may be found with equal facility; for 


this is evidently the complement of the distance of the point from the pole of the 
circle. In like manner we may find the condition that two great circles intersect at 


right angles, &c. 
There are evidently a whole class of formulæ, not by any means peculiar to the 
present system of coordinates, such as 
Ag + By+ Cz — s (Aæ + BY +O?) neitonen (83), 


for the equation of a great circle subjected to pass through the points of inter- 
section of 


Ax+ By +02=0, A's+B'y+0z=0. 


Again, TANO OE I A E T pans (84), 
TARN D. 
a’, b’, c’ 


for the equation of the great circle which passes through the points given by the sine 
systems a:b: c and a’: b : d, &c., and which are obtained so easily that it is not 


worth while writing down any more of them. 


Transformation of Coordinates. 


Let X,, Y,, 4%, be the new points of reference, and suppose X, is given by the 
conjoint systems e=a, b, c, e=a, B, y; and similarly Y,, Z,, by the analogous systems 


, ut n 


e Ee E 
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Suppose, as before, P is given by one of the systems w, p; and let œ, p, be 
the new systems which determine the position of P with reference to X,, Y,, 4. 
In the first place, ^, 41, vı, are given by the formule 
W (e, e”, q) W (e, e”, q) (85), 


i MUAC E ay We, & @} VIW (Ee &, g) We’, &”, M3 
W (e”, e, q) W (e”, e, q) 
V{W e e q) We, e, q)} V{W (e”, e”, q) We, e gt’ 
Wee, e, q) W (e, €, q) 
VIW (ere O We, s q)} VIW (e, e D W Ce’, e, gy} 
The system œw, is evidently given immediately by 


Wii, 2. ad, Her, Or BW hes peg) is VEE, oq) 
Go mr: = TW Ce, say PELA CREAT) 7a N a (86) 


__Weog) A . Wee) ogy 
V{W (e, €, q)} 4 WALLACE C, q)} : VIW (e", ra D) EPA TIT E 


and from these we may obtain the system p,, by means of the formule 


HN Yi A= ae, = Bin, ce uc : b.é, F bim T H 3 me, + fin, + £0, Soe (88). 


This requires some further development however. We must in the first place form 


the system æ, b, G, fi, m, D: this is done immediately from the formule of Sect. 2, 


and we have 


W( ee’ K ee”, A kW ( ee’ 1t Ee”, q) ` 
s Tane PAAT Armia WE ; EA Wf Wie a aig ai i6,or6)€,0: 510-8 TE aisle iat (89), 
pii W (ee, ee, q) bi kW (e"e, ee, q) 
* Wee, &’, q) We", e, q) W (e”, e”, q) W (e, € gq)’ 
hs W (eë, eË, q) $ kW (eë, ed, q) 
We e QWE Wes WE, 6g) 
W ( e'e, ee’, q) kW (ee, e, €€, q) 
We, e, "ALACA e, q) We", e q)} “Wee pviW(e, €, QWE, e”, D) 
lke W (ee, de Poult) kà kW ( e’, d”, q) 
~ W, e, Àv {W e, eg Weeg} We, €, v(W (e, e.g WE e p) 
W (ee, "ee, Q) kW (€€”, de, q) 


}, = ie Nee eg gt Qo ToT Ora 
Wee’, e’, g)V{We, eq) We, e,q)} We, e. ov{We «Wee, &, O 
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BOG, et PA PIG Gy OTTERS Alves Soko FAT De E oer vese a e (90), 
(We, p, q) W( ee’, €d, q+ We, p q) W( ee, e'e, g) + We’, p, g) W( ee", ee’, g) 
viwe, e, q)} x 
{W (e, p,q) W(e%, ee’, g)+ We, p,q) We, e'e, g)+ Wee’, p, q) Wee, ee’, q) 
: V{W(e", e”, q)} x 
[W (e, p,q) Wee’, de”, g)+ We, p, q) Wee, ee, g)+ We", p, g) W (ee, e, g); 


these may be reduced to the very simple form 
%:4:24=/{Wee,e, q)} W (ee, BO WY Sap AE apie Manatee (91), 
V{We', e, q)} Wee, œ, g), 
: {W (e", e, q)} Wee’, œ, g) 
and in like manner we obtain 
By sirae Cee {Wie oie eh W (eé, PFOA AER oa (92), 
MIW (e, e, D} Wee, p, q), 
V{We’, e, D} W (ee, p, q). 


It will be as well to indicate the steps of this reduction. Consider the quantity 
in { } in the first line of the equation which gives the ratios æ, : y, : 43; and suppose 


F te 


for a moment ee” = =l, m, n, &c.: then, selecting the portion of the expression which is 
multiplied by a, , this is 
=al {l(aE+bn+ cf) +U (WE+ 0 n+ 08) +U (a E+ bn + ceg), 
or, since me? 
la+Va' + Ua" = ede”, bUb +U =0, le+ld +U” = 
this reduces itself to ee'e” . al£, which is a term of 
eee” W( ee”, w, Q); 


and by comparing the remaining terms in the same manner, it would be seen, that 
the whole reduces itself to 


ede W( de, w, Q); 


whence the formulæ in question. 


The formule (86), (87), (91), (92), completely resolve the problem of the transfor- 
mation of coordinates; they determine respectively p, from p or wœ, œ, from p or w. 


To complete the present part of the subject we may add the following formulæ. 


Suppose By 5 E E GDB YW E E EE (93), 
: bæ, + by, + by, 
: em + CY +e” 2, 
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which we see from the preceding formule is the form of the relation between the 


systems pı and p. And suppose, as before, M, 4, % are the cosines of the distances 
of the new points of reference X,, Yy, Z. 


We can immediately determine the relations that must exist between these 
coefficients, in order that they may actually denote such a transformation. For this 
purpose write 


a”, =, p” =)". 
Then the distance between the point P and any other point P’ is given by the formula 


cos 6 = W (p, P, q) W (p, Pi> ©) 


JW, PD) WW, p, D) V o Po ©) Won pi, OO» 


where 
@=Wj,j,q), W Ja), W GS TVEN S D WS i D Wig a)a(96). 
But we must evidently have 


W (p, P, Gu) 
rm these ctcecececeeccene 97), 
a V {W (p, Pr, Gr) Wy’, py’, qa} ls 


or the quantities ®© must be proportional to the quantities q, Le. 


W999): WG9,9: WF a): WG a): WO% 7 @) : WG", h 9) 
E. $ 1 ‘ 1 : Ai : Ha sr) hosil 98): 


And in precisely the same manner, if instead of æ, y, 2, %, 4%, %, in the above 
formule, we had had £, n, €: &, m, &, the result would have been 


WRD: WF D: WO. D: 099.0: WO. Ds WI 9 o 
=a b t : f : q : D ... (99). 
It is hardly necessary to remark, that throughout the preceding formule an 
expression, such as W (p, p’, q), is proportional to either of the quantities 
sE + yn! +28" or LE + Yn + ZF, 
and may be changed into one of these multiplied by an arbitrary constant, which 


may be always made to disappear by a corresponding change in another quantity of 
the same form: thus, for instance, 


W (p, p, g) _ w+ ynt+2o 
Wp. p q) së+yn+zť 

but these forms being unsymmetrical, it is better in general not to introduce them. 
All the preceding expressions simplify exceedingly, reducing themselves in fact to 
the ordinary formulæ for the transformation of rectangular coordinates in Geometry of 


three dimensions, for the case where the triangle XYZ has its sides and angles right 
angles. As this presents no difficulty, I shall not enter upon it at present. 


www.rcin.org.pl 


